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THE STRENGTH OF SHELL BODIXS . THIIORY AND PRACTICE*

By H. Elmer

The monocoque form of construction characterized by
the fact that the skin is made as much as possible a
stress-bearing member, has become increasingly popular,
especially in the fuselages of the latest metal airplanes.
It has introduced a number of new prollems to the stress
calculator aild the designer.** The problems for the stress
calculator fall into two grouns: The determination of the
stress condition (shell s.t~.ti~s)and the determination of
the failing strength (shell strength). A large part of
these, problems may, as a result of the research work of
the last few years, be looked upon as being solved. Th”e
present report summarizes the most important theoretical
~d experimental results on this subject, special atten-
tion being C;iven to the work done at the German Research
Laboratory for Aeronautics (DVL).

I. INTRODUCTION

Designs of SIhell Bodies

In order to g,ain a comprehensive concept of the SYS-
tems discussed in tho following, a survey is made of the
various forms of construction of shell bodies as developed
in Germany. The departures in the individual designs are
less the result of differences of opinion as to what con-
stitutes the best design from the point of view of strength
and stiffness than the considerations of simple manufac-
ture , upkeep, and repair possibilities; aside from that
the design is governed by aerodynamic requirements, the
necessity of cutaway sections, installations, etc.

Most shell bodies consist of a structure of stiffen-
er’s and lulkhead~ to which the metal skin is riveted- The
characteristic-of the shell body is that the skin actually
—-.——.—____ __ ____________ ._.__—————_——————-———
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*tlTheorie und Ve”rsuche zur fiestigkeit von Schalenrumpfen,ll ,

Luftfahrtforschung , vol. 14, no. 3, Match 20, 1937.
** For a survey of tb.ese problems, see Luftwissen, December

1935.
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participates as much as possible in the stress bearing.
This may be accomplished either with a skin thick enough
by itself for all stresses or with a correspondingly thin
skin in conjunction with a s;?stem of stiffeners. Shell
bodies without stiffeners of any kind or such with bulk-
heads only, are rare; such bodies would have to ‘be so de-
signed that the skin does not buckle up to the failing
load. Contrariwise, body shells with stiffeners and bulk-
heads may be designed with buckling-resistant skin or with
.?.sk-in ‘;rhichbuckles before the failing load is reached.
The suital)ility of either arrangement depends upon the
circumferential loading defined 3jT the structural height,
the loading of the body, and upon the curvature of the
skin.

A special case of shell body is that where only lon-
gitudinal flanges at a few - four at the most - points
provide for the lo~lgitudinal stresses, while the stiffen-
ers in between serve only to reinforce the skin but not to
take up stress. In that case the skin primarily serves
to carry shear stresses.

The folloving contains a brief outline of various
German shell-design practices. Heinkel and Henschel em-
ploy stiffeners and bulkheads of open Z-sections or .LJ’-
channels (figs. 1 and 2). The continuous stiffeners are
fairly evenly distributed over the circumference in,the
central and rear portion of the body, but spaced somewhat
closer in the zones of greater compression stresses. The
bulkher.ds are joined to the inside edge of the stiffeners
without touching the skin. In the forel)ody, where the
bulkheads are necessary for the load introduction and the
inside ~nace must be utilized to the fulleSt ad~-tage>
the bulkieads rest on the skin ●(fig. 3). In view of the
gener2.lly existing cutaway sections, the axial loads here
are carried in four concentrated flanges; the intermediate
stiffeners merely serve as reinforcement and are interrupt-
ed at the bulkheads (fig. 4).

Junkers follows the practice of stiffeners of clos~d
D channels, set fairly close together (fig. 5). The bulk-
heads of high Z-sections are routed for the continuous
stiffeners to which they are, attached by half-round flange
fittings. An example of a shell body with four reinforced
stiffeners which extend forward into the four strong
flanges of the center piece is represented in the Junkers
body shovn in figure 6. Here the Z-section bulkheads are
interrupted to pass the four heavier stiffeners and at-
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tached to the others hy small angle fittings joined at the
-- webs----A shell- body built hy Dornie-r-is--very -:similar. It

ha,s four continuous, hea~ longitudinal flanges of thickv
walled T-section, while the remaining tubular stiffeners
are interrupted at the. bulkheads touching the skin (fig.
7). This body islcontrary to orthodox practice, wider than
it is high. “

The 3a,yerische Flugzeugwerke have developed a partic-
ularly” interesting type. The metal skin “consists of sepa-
rate p’~nels bent on one end into a Z-section. These” ‘lbulk-
heads]l are routed to permit passage of the U-c”hannel stiff-
eners (fig. 8). These panels are first riveted together
lengthwise and joined to the inserted stiffeners’. Then
the thus-obtained reinforced panels are joined together in
the uppermost and lowermost part of the circumference to a
wider stiffener which serves as butt covering.

In one Arado shell body the skin consists of longitu-
dinal ,panels, every second one of which is bent at both
ends into fclrm-stiffener sections, in contradistinction
to the Northrop method (reference 1), vhere each panel is
angle-shaped. at one end.

II. DETERMINATION OF STRESS CONDITION

1. System and Loading

In ordel* to grasp tho most essential characteristics
of the stress condition of shell bodies - whether theo-
retically or experimentally - it first is necessary to sim-
plify their system and loading.

The designed shell bodies have, in general, a length
which is a multiple of the sectional dimensions (%/h = 6
to 9; in cross section-they are usw.lly of oval shape,
widening out downward or upward, with.a height slightly
greater than the width., In many cases the section is el-
liptic, or eve~i round, as in “some ‘J.S. shell bodies. The
body shell may be largely considered as being cylindrical
or con’ical, because the usual %otiJ’form tapers from an al-
most cylindrical centerpiece very gradually’ ”toward the
tip. For many fundamental siudies the assumption of cir-
cular cylinder is sufficient.

On the basis of this outer form of the shell bodies,

...
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it may be assumed that their stress condition on the whole
is in agreement with the elementary Ilbeamlltheory, which
postulates a great length compared to cross-sectional di-
mensions and a gradual change in cross-sectional form over
the length. Another assumption of the elementary beam
theory is that the sections under load undergo no substan-
tial form change - that is, possess the necessary trans-
verse. stiffness, a condition likewise met by the shell
body ~~ith sufficiently rigid and properly spaced bulk-
heads. After all, it should he borne in mind as regards
shell bodies, even vith still unbuckled skin, that by vir-
tue of its greater circumferential extent and lower trans-
verse stiffness than on the usual beam, the actual stress
condition dcpart,s to a greater extent from that of an
ideal beam computed according to ifavier IS flexure theory
or St. Venant-Bredt~s torsion theory. The disturbances
.aro primarily due to the introduction of stresses not in
accord with the beam theory and their directional changes
at cutaway sections. Further disturbances are set up by
the restrained warping of sections under transverse load
flexure and twisting.

Other stress deflections are encountered on reinforced
shell bodies with skin which is ilot buckling-resistant up
to the failing load. once the panels between the stiffeners
have “~uckled under compression and shear,

The stress in the shell body is the result of the air
loads on the wings and tail applied at the points of at=
tachment; further, of the propeller loads transmitted by
the engine mount and the ground forces due to landing gear
or float system and tail skid. These are supplemented in
the attachment points by the mass forces necessary for
equilibrium of the structural parts attached to the body.
Lastly, there are active mass forces distributed over the
body length but whose effect, compared to the other forces,
is small and which may be allowed for a% forces combined
in several points. It is thus primariiy a case of con-
centrated loads mhich stress the shell body visualized as
beam in bending and torsion. Bending of the end shell of
the body is usually contingent upon a down load, and the
torsion and lateral deflection on an eccentrically ap-
plied side load.
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2. Stress Condition of Unstiffencd Thin-Walled Shells

a) Elementary theory .- As basis of the subsequent ar-
guments, we shall first investigate the stress condition
of an unstiffened thin-walled cylindrical shell under
flexure aild twist. The wall thicki~ess s may vary over
the circumference, although it is assumed to be small with
respect to the transverse dimensions of the shell. There
arc no stiffeners for the present but bulkheads spaced
sufficiently close are assumed to preserve the cross-sec-
tional forno

The classical theory of beam i’lexure established for
the bean of solid cross section results in linearly dis-
tributed tension stresses a and derivated shear, stresses T:

~z Ev ~ = Qy Sz~ = ~–– y.+ –L z,
Qz Zy

+-———— —.-—
z ‘Y Jz I)z ‘Y bY

whereby:

Y, z are the respective distances of “the relevant
fibers fron the principal axes of inertia.

r
;

/

i

Jz = y2 dI’, 22’~-y

./ ‘Y = the nrincipal moment of

F“”
inertia.

3’”

s /’
—z = y U?, ~y =

./ r Z dF the stat:-cnonents of the
isolated cross-sectional:
piccc with respect to the
principal axes of inertia.

b
Y’ bz

the section nidths.

BTr9 2z the bending nonents about axis yo and axis z.

Qys Qz the transverse loads in axis y- and axis z-
direction.

In the application of the _bea,ntheory to thin-walled
sections (fig. 9), it may be assurled that the tension and.’
shear stresses are evenly distributed over the wall thick-
ness s. T]len the lls]~e~,r flO?’r t = ‘s! according to ele-
mentary theory of flexure is:

..,$

l ._. _. . .._ -.
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The inertia moments are:

Jz =$y ’sdu, Jy=$z2sdu

and the static moments:

, ;U

_z=/ysdu +S(0)or~y=”’uz ~du+ s(0)s

J
—z

/
–Y

!.
o 0

Here’by u denotes the circumferential length measured
from any zero point a.s far as the particular point. For
closed symmetrical sections the choice of the points of
symmetry as zero points ic advisable, SO that

CJ (o)
—z

and ~y(0) = ()

otherwise, S (o) must be deter-s (0) a,ncl _ythe constants _z

mined from the condition of torsion free bending:

To insure torsion-free bending, the individual trans-
verse loads must he applied at the “shear center~f’.which
for symmetrical sections lies on the axis of symmetry; for
unsymmetrical sections its nosition must be defined from
the condition that the shea~ flows ty and tz must pos-
se:;s no moment w-ith res~ect to the shear center...

Transverse loads applied outcide of the shear center
cm be represented by transverse loads in shear center and
pure torsional moments Mx on the longitudinal axis; they
stress t~l~ cylinder in bending and torsion. In torsion,
St. Venant~s theory for solid sections mfforcls, with unre-
straiiled warping, a pure shear stress condition. For thin-
wnlled closed sections r.”shear stress constant over the wall
thickness may le assumed. Then , according to Bredt, the uni-
form silear flow for ~. tnistint: moment

m
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and the enclosed surface I’. is:

and the torsional stiffness is:

The results obtained, for cylinders from the elementary
theory of bending and -torsion can be applied with the same
deEree of approximation to tapered shells. Then it must
be observed. th:lt in bending the maximum tension stresses o
occ”llrin sections perpendicular to the surface elements
and have components in transverse load direction. The
shear stresses T in these sections then have to carrY.

only a share ~ of the transverse load Q. Then (fig.
.10):

By
0=

5s—..—- -— t =TS=*
J COS a’ J

vith

B= -- PO(X-XO)-PI(X-XI) -.. =(Q-~)x

Here J and ~ denote the respective inertial and stt”.tic
moment , computed mith the smallest wall thickness s (in
direction of the normals of the shell surface), a is the
angle of the surface elements to the longitudinal axis,
x, x~, xl,, ● *O. the respective distances of the section
or load points from the cone tip of the relevant section
point.*

3) Membrane shell theor~.- Substitution of the mem-———— ...._____ ______
brs.ne shell theory for the elementary beam theory affords
———.—.————— ______ ____________———_—-——————

*Instead of distances” from cone tip the heights at the
sectional or loading point can be introduced. See Wagner:
Luftfahrtforschung, vol. 13, no. 9, 1936, pp. 281-292.
This also contains ~, detailed study of the ‘bulkhead
stresses.
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a more accurate picture of the actual stress condition in
thin-walled transversely reinforced cylinders (reference
2). The membrane theory stipulates, as is known, vanish-
ing flexural and torsional stiffness of shell surface,
thus leaving only the ~lmembranc stressesll ax, au and

T constant over the wall thickness. The introduction of
the external forces in cylindrical and tapered shells with
transverse stiffeners (bulkheads) is devoid of circumfer-
ential str~sses au according to the membrane theory. In

pure - i.e., shear-free bending - of transversely rein-
forced cylinders, the linear distribv.tion of the tensile
stresses with the condition of sections remaining undis-
torted in its plane, is compatible with the membrane shell
theory if the effect of the contraction in area is disreg-
arded. Under pure torsion through torque at the end bulk-
heads, toth theories give a pure shear stress condition if
the sections remain unchanged across the length and. left
free to warp at the ends. In bending under transverse
load- and in torsion under torque on intermediate bulkheads
themselves , the validity of the elementary beam theory is
restricted to circular cylinders and circular cones of con-
stant circumfereiltial wall thickness. In shells of differ-
ent section, restrained cross-section,al’ warping on the end
bulkheads and loaded intermedi~.te bulkheads, as well as
points of abrupt sectional change, produce a disturbance
in the elementary stress conditior. through self-stress
conditions, which disappear quickly provided the bulkheads
are rigid and closely spaced.

T!he above arguments are al~piicable for an introduction
of a force conformably to elementary theory. Under other
application of axial loads, shear loads &nd torque - in the
latter two only with elastic bulkheads - such cumulative
stresses, vhich ,disappear more or less according to lmlk-
hee.d design, occur even on the circular cylinder. Goodey
(refereilce 3) has treated the cumulative stresses for the
special case of cylindrical shell of constant section
clamped. at one end to resist warping, and stressed at the
other end under torque. He stipulated either rigid bulk-
heads in their pl~.ne at the ends alone or at infinitely
close spacln~. Wagner-Simon (reference 4) established a
method for the determination of the cumulc.tive stresses by
the introduction of an r.xi,alload for the extreme case of
the infinitely shear-resistant shell surface; again bulk-
heads snacecl inf’iilitely close together but of finite stiff-
ness are assumed. The special case of the flat shell of
r~CtO.ll@lar section (box beam) had been treated earlier ly
Reissner (reference 5) for uniformly distributed torsion
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load on ‘the premises of infinitely close rigid partitions,
and W the author. for any torsional load with elastic
parti~ions of finite spacing (“r-eference 6).

3. Stress Condition of Longitudinally Stiffened

Shells Prior to Buckling of Skin

a) Elementary theory--- A shell of wall thickness—————.-— ..—.—_
with stiffeners of section FL and spacing b (fig.
can, by close stiffener spacing; be substituted by an
stiffened shell of mean mall thickness Sm = s + FL/b

whose median surface passes through the common center

1:)
un-

Of
gravity of the stiffe~ers and the-adjacent skin strip.
The mean wall thickness Sm serves for the determination
of axial stresses, longitudinal ,stiffness, and shear flow,
the skin thickness s for the shear stresses and the shear
stiffness of the unstiffened shell. For shell stiffeners
of corrugated sheet wit!l mall thickness Sw and length of
corrugation h~~, the mean wall thickness for the longitu-
dinal direction is: Sm = s + Sw l)w~b. But of the entire

shear flow, the corrugated. sheet takes up the share tw =

%? 3 s.lJ&
————_—___ t, leaving the share t~ = ———L .—— - t for
s l)w + s~ -b s b~ + s;?b

the skin. As a result, the shear stiffness per unit length
of the shell with corrugated sheet stiffeners increases to

(S + S17~/~lv) G, as against SG for the shell ‘wi~h indi-
vidual stiffeners. Referring the shear stiffness to the
mean wall thickness Sm of the shell with corrugated sheet

stiffeilers, the reduced shear modulus:

must be introduced.

For wider spacing or different

G

section ‘L.i of the

m stiffeners (fig. 11),. it is more appropriate-to compute
,,- the” surface moment of the sk~fi and stiffener section ”with

respect to the principal inertia axes of the total section
separately, whereby the inertia moments of the stiffeners
themselves , may bo ignored. Then the surface moments of
the total section ‘~ecome:
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El

Jz = ‘2 (Jy$ Y2 s du+ ~ ‘L, i YL, i correspondingly)

u

J
i

s ysdu+~l (0) (SY–z = ‘L, i + ‘Z correspondingly)

o

S (0) again follows—z as for the unstiffened shell from the

condition of torsion-free bending and disappears if the
zero point lies on an axis of symmetry.

With heavy stiffeners, the individual stiffeners with
the attached covering strip in their common center of grav-
ity can be visualized as being concentrated in m indi-
vidual longitudinal flanges. These have the section:

Fi = ‘L,i + * (bj. Si + bi+i Si+l). The forces in these

flanges are now concentrated axial forces, while the inter-
mediate skin panels serve to take up the shear stresses
only. In
axis z,

bending due to transverse loads as, say about
the axial loads amount to:

Bz Fi yi
Li = ~– Fi yi = ~-———————

z ~jj12

1 i Yi

Bz

an d from

The constant shear flow between the longitudinal flanges:

t-j+’J = ~––——- Qy + t~

If the section is symmetrical to axis y, it affords:

I.~Lm i ‘m Y~
tl =Oor tl = - tm = – ––— = ~ ~–-–-— Qy

2~x
~ Fi yi2

according to whether’ the first shear penel or the mth
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flange intersects the axis of symmetry” (fig. 11).
m-

In”the absence of Symmetry tl “’must be defined con-

formably to the condition of torsion-free bending:

m ti bi
:m-G=o..———_

“1 i

In pure torsion without restrained warping the shell
Tx

with stiffeners has the same shear flow tx = ---
2Fo

as the

unstiffened. shell; even the torsional stiffness is the
same :

In shells with corrugated sheet reinforcement the shear
flon is distributed as described previously, over skin.
sheet and corrugated sheet; in the torsional stiffness the
gi”eatcr shear stiffness G (S + Sm %/bm) replaces Gs.

b) Staticall~ indeterminate theory.- Ju&t as the mem-—————.—— —————— _____________
lrane-shell theory affords the departures in stress con-
ditions from the elementary theory for the lengthwise un-
stiffened shell, so the same discrepancies for the stiff-
ened shell can be analyzed by a st~.tically indeterminate
calculation of the simplified system with concentrated
longitudinal flanges and pure shear panels (fig. 11).
(Compare the report (reference 6) which treats the special
c~,se of IIshellllwith four longitudinal flanges and Plane ‘
shear panels under ‘torsion.) Having a shell with m lon-
Citudiilal flanges and stiffened at the ends by (n - 1)
intermediate bulkheads this system can be divided at the
intermediate bulkheads into n cells joined together by
m longitudinal anchorages each (fig. 12). Of these, three
are statically necessary on each bulkhead; that is, the
redundant anchorages .~~-) make the systcm (m - 3)@-1)
times st;..tically indeterminate. Clamping the shell at one
end adds another (m - ,?, 3) statically indeterminate.

The mathematical treatment is as follows: Select as
statical\~ indetermine.t e between each two cells (m - 3)
groups of axial loads in themselves in equilibrium, such
aS the tension in each one of the redundant longitudinal
anchorages and their counterforces ,in the three statically.-

—
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necessary longitudinal anchorages, for example, “Instead
of ‘cl~csc:orce groups xl, X2 G.. * xm-3, linear combina-

tions of these can be introduced as statically indetermi-
nate. (See fig. 12; for exa.mpl.e.)

Xa, = CL1X1+CL2X2 .,:... ‘mm-3 xm-3

xc = Y1 X1+Y2X2 ● ..... +-Ym-3xm-3

etc.

But tb.ese croups of axial loads must ,not he linearly. re-
lated; the requisite and sufficing condition is that the
determinant of the factors a, ~, ‘Y .... does not disap-
pear.

Xach ~.xial lend group X stresses only the two ad-
jacent cells, -oroducing axial loads diminishing linearly
to zero in the-longitudinal flanges and constant shear
flow in the intermediate panels. These are supplemented
by tensile stresses, bending moments, or ~>lane stress con-
ditions in the,directly loaded, as well as in the two ad-
jacent bulkheads , depending unon the design of the bulk=
heads as truss, frame, or solid wall. For the axial loads
and shear flows due to the external loading, a possible
equilibrium condition, such as that from elementary theory,
for instance, is introduced. From the condition that in
the final system the longitudinal displacements (warpi.n~)
of consecutive cells must agree on every bulkhead, a systcm
of linear’ elasticity equations:

6r4bxa+8~bxb+~~c xc+ ““** h),o=o.

6ac ‘,7++ b~c Xb + 6CC xc + .... 8C,0 = (), etc.

is obtained for the statically in.actermiilate X.

The factors 6ik and Bi o denote fyoups of longi-

tudinc.1 displacements of ,a sta~ice,lly determinate main
system as c respective result of the axial load groups
X=l, or to the external load, and can be obtained from
simple integrations or summations; the equations are solved
by one of the lmown methods. ‘The execution of the static-

——.-. ,—... ——,. ,...- , ,,,, , .,, ,,, ,, ■ ✌✌ ✌ ✎✎ ✌✌✌ ✌
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ally “indeterminate calculation for irregular systems with
“ a large number of longitudinal flanges. or bulkheads iS te-

dious; but since stiffened shell bodies usually are symmet-
rical with respect to the normal or to the l,ateral axis, a
proper choice of the statical indeterminates affords far-
-reaching simplifications.

On stiffened shells of simple symmetrical section the
(m - 3) stctical indeterminates, occurring on each interme--
diate bulkhead or at the fixation, can be formed from
11- 2———— d n - 4“an -.—-_ or from m-3

2
—-——-

2 2
each of symmetrical and

antisymmetric.al groups of axial loads, depending on whether
the number of flanges is even or uneven. Likewise, the ex-
ternal lop.d can be divided into symmetrical and antisym-
metrical parts. The symmetrical and antisyrnmetrical load
groups do not affect each other; i.e., the system of elas-
ticity equations reduces to two unrelated partial systens
having solutions only for the ~ymmetric~-1 or antisymmet-
rical load, rcs~ectively. Besides, the statically inde-
termin:~.te axial-load. groups can he so posed ,nnd arranged
thp.t consistently snaller zones contain groups of partial
forces which of themselves are in equilibrium. Then the
elastic influence range of the lo.md groups themselves must
become consistently smaller by rising order, ?.ccording to
the St. Venant principle. The statical indeterminate of
hi~hcr order can therefore be disrcg~,rded. In the case of
m= 6 of figure 12, for exanple, the third group Xc is
of hieher order, since four partiral forcos in the zone of
half the circumference are already in equilibrium.

By cyclic synnetry of the systen the axial-load groups
can be forned so the.t the part loads of the individual ax-
ial-lord groups act like the ordinates ineasured at the
flanges of the sine”e..ndcosine lines over the circumfer-
ence with 2, 3, 4, ... waves. This leaves only the conju-
gated syilnetrical and antisymnetrical axial-load groups at

I the adjacent fromes related to each other; and the equa-
tion systen reduces to (M- 3) independent 3- or 5-tern
p~.rtinl systens, according to whether the bulkheads in
their p~r.ne are ~.ssuned to be rigid or e~astic. Applica-
tion of the external loads in the distribution conformablei,
to elementary theory produces no stat.ic,alindeterminate
if ty-e symmetry is Cycl%cm Application of these assumed
loads in inverse direction, establishes their equilibrium
with the o,ctu,n.1external loads. Dividing these equilibrium
groups in corresponding groups like the statically indeter-
minr,te axial-load groups, each will create only the conju-
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gated statically indeterminate group of axial loads. *

By finite nunber of flanges n, division of the equa-
tion system in (m - 3) unrelated partial systems is al-
ready insured hy a finite number (<m - G) of symmetry
axes; for example, by m = 6 in figure 12, doubled symme-
try is sufficient. Insufficient symmetry is usually ac-
companied by mutual interference due to the axial-load
groups of higher order which, for the reasons cited above,
may he neglected.

so, provided the systems of stiffened-shell bodies
are not seriously unsymmetrical and the suggestion as to
choice aild arrangement of the statically indeterminate
systems is followed, it suffices to set up and solve the
circumferentially unrelated 3- and 5-term equation systens
for the conjugated axial-load groups X. In addition,
with increasing order the calculation can be restricted to
consistently smaller longitudinal zones and finally omitted
altogether. For equal or similarly dineilsioned cells, the
3- and 5-term systens of equations represent differential
equations of the second and fourth order with constant
factors from which closed solutions are obtained for the
st~.tical indeterminate. And the solutions can be further
simplified by the frequently permissible assumption of very
many cells or infiilitely close-spaced bulkheads, where the
difference equations become the relevant differential equa-
tions.

4. Critical Stress Condition of Stiffened and

Unstiffened Shells

‘=.) tiQQQg_fQQgQx&gs2Qd_9x_gQsi2xzEQg@_GxL2.QQEz. -
When stressing a thin-m,alled cylinder in bending or eccen-
tric compression the shell usually fails under a certain
“critical” stress condition through secondary or local
bulging in the compression zoile. This local bulging hinges
chiefly on the amount of compressive stress and curvature
—————.——— .-——————____________ ___.._________________——_ —————

*This ~~ethod corresponds to that suggested by Southwell for
the calculation of >yclic symmetrical-space fre,meworks, ill
which the joint displacer.lents w e built up from character-
istic solutions of the correlated partial-difference equa-
tion and the given external loads ‘or displacements are de-
composed in tlhese characteristic solutions. (See R. & M.
No. 15’73, British A.R.C., 1935.)
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existing at that point; the stresses and curvatures in
m ..more.distant zones are not as effective. It is therefore

very natural to assess the stabi3.ity of any cylinder in
bending from the stability of a circular cylinder in pure
axial compression, wherein the uniform compressive stress
and curvature of this circular cylinder corresponds to the
bending-compression stress and curvature of the relevantI cylinder at the most unfavorable spot; for ‘Pariable radius
,of curvature r and variable compressive stress a this
is determined from the condition 0 r = maxi This method
leaves one, in any case, on the safe side. Accor#ing to
various calculations for circular cylinders by I’lugge
(reference 7), the critical compressive stress in pure
bending may exceed that in pure compression by 30 percent.

A circular cylinder stressed under pure axial com-
pression is theoretic~.lly at its limit of stability if the
compressive stress in the elastic range reaches the crit-
ical value:

~k = E s“——________ _ a 0.6 E ~ (for v = 0.3)
/3 (1 -V2) r

This value unrelated to shell length retains its va-
lidity only so long as several longitudinal waves can form~
For very short cylinders of length

1
4

t’sl-r
r2 S2

1.72~~
12 (1 - V2) =

ir is:

E l+ Sz

()ok = ——––—–- _
12 (1 - V2) z

that is, the Euler stress.for a strip
very long cylinders (pipes) the EulerI

of length t. In
stress

En2 ra
()

ok = _2_ ~

;%
causes a sidewis”e bulging of the entire shell,

‘1
When the

critical stresses lie in the superelastic range, E is re-
placed by a reduced modulus (reference 8).

That the theoretical value of the bulging stress
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cT~ =0.6E: is never reached, has leen proved in a mul-

titude of experiments; the latter disclose figures from
30 to 60 percent lower. These d~.screpancies. are mainlY
attrihutalle to the unavoidable clivergence of the thin-
walled shell from its exact geometrical form. The effect
of ‘such preliminary bulging ~as been investigated. ly Don-
nell (reference 9)0 On the assumption
the shell mall stressed in compression
tinrgcnt upon reaching the yield point

the critical stress of

that ~he failure of
and bending is con-

~s ‘ he arrived at

or

1- l&’7 x 10-7
ok = 0.6 E ~ ——--––--–

1 + 0.004 #-
s

2

()

~

s———

[

2

=0.3E:
()]

r
ok 1 - 1.7 x 10-7 ;

for duralumin with z = 7,000 to 7,500 kg/liln2 an d us =
28 to 30 icg/cn2.

The values conmuted %y this formula are in good agree-
r,ent with expe~inen~al values throughout the range of
~= 500 to 1,500.
s

b) Bendiilf-~con~ression~ of stiffened c&inder.- In a—-———— a— ——— ———.-—__ ——.—— -..———.— .————
cylii~drical shell consisti~~<q of stiffeners and bulkheads
stressed in I)eilding,the c~.~rvedpanels in the compressive
zone bctveen the stiffeners may 3ulge. And to these l’par-
tial shells’l or “panels” the sr.me assumption of uniform
coilpi-cs~ive stress ~.nd cur~rature betneen the stiffeners is
applicc.ble. For the case of freely rotatory supported
edses ?.lld?.n arc length of the panel of

Timoshenko (rcfcrencc 10) obtained the
stress of \

critical compressive

E——__—————— —
ak=~’3(1-v2);

. -------
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that is, the same value as for the full shell which, here-
&. after, is designated with- ~R, ....i
I

For smaller arc lengths, it is:
~
~
II E TT2 52

()

E bz
ok = ——— —--- . +

/

/

()3 (1 - U2) II i%– x

\ !The first summand denotes the buckling stress Up” if

the flat plate of width b linked at the edges; the “sec-
ond summand can be expressed with flp and the value OR

related to the curvature radius. Then the critical com-
pressive stress of the curved panel assumes the form of

or

Evolved on somewhat different limiting conditions,
Redshaw (reference 11) derived the critical compressive
stress as:

For the respective limiting cases of full shell and
flat plate, both formulas give the same limiting values

\
t

OR and Crp , In the entire intermediate range, Timoshenkots
)

1 values are smaller than those of Redshaw; the greatest

:1 difference at OR ~ 20p amounts to about 20 percents For

a partial shell or panel with rigidly clamped sides the
actual vr.lues of the critical compressive stress probablY
lie between the two values. For rigid or elastically
clamped edges the buckling stress of the relevant plate
substitutes for CTp ● The effect of preliminary I@ging
can be allowed for in both formulas by expressing OR
w“ith a value of OR = 0.2 to 0.4 E $ diminished accord-

3 ing to the”ratio r/s instead of with the full theoret-
ical v~lu,e.

Before the curved P5.nels of a stiffened shell bulge
between the stiffeners, the shell itself may Imckle as a
whole or over a large portion as, for example, between two
stiff bulkheads (fig. 13). Just as in the stress analysis
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the longitudinal stiffness of the stiffeners was uniformly
graded over the circumference, so the stability investiga-
tion can %e effected on the basis of bending and torsional
stiffness of the stiffener and bulkhead sections uniformly
distributed over the circumference and the length. Owing
to the unlike stiffness of the shell surface in longitudi-
nal and transverse direction, it then constitutes a case
of orthogonally ant~.otropic cylinder or panel. And the
stability of the orthotropic cylinder itself in bending
can be ascertained from the stability of a corresponding
circular cylinder under -pure axial compression. Von Dschou
(r~ference 12) has treated this case on the basis of
Flugget.s buckling determinant. Neglecting the torsional
stiffness, he respectively obtained - for the full cylin-
der and a curved sheet of sufficient length and width to
allow several bulges circumferentially and longitudinally -
as smallest possible critical compressive stre~s:

J ‘SusSx

Hereby Sx and Su and EJX and EJU, res~ectively, are

the sections distributed over the circumference and the
length, and the bending stiffnesses per unit length. For
the respective special cases of stiffeners alone or of
bulkhea~s alone,-it is:

————.———————
‘k=J3 (IE-U2)

and

E’
ok = ——————————

A/3(1--v2)

with OR , again as the critical compressive stress of the

unstiffened cylinder.

Oil short shells several bulges may form but only cir--
cumferentially. For a short shell, only longitudinally
stiffened (fig. 13) as, for exar,ple, in the compression
zone of a stiffened shell body between two Wlkheads, it
is:

ok = ax + OR
m
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I

~..

En2J
Here ~E =,-—— s is the Euler stress of the stiffened ‘m> ...,,. .:.J s-xv= --” .

i strip of length t, )?or a short shell wit~ bulkheads on-

\ Iy, it is:

unstiffened strip of length 1. For a long, but narrtiw
shell of width b stiffened longitudinally- or transverse-
ly, in which only several longitudinal bulges occur, and
“if the longitudinal walls are pin-jointed, it gives:

“k=mor=m
Herein

2“2EG~e = -----
Sx

is the critical compressive stress of the equally stiff-
ened flat plate with disregarded torsional stiffness.

From the above formulas by Dschou, it follows that a
stiffened shell of proper length and width is not substan-
tially more resistant to buckling than an unstiffened shell
unless it is stiffened in both directions. If the stiff-
ened shell is short, longitudinal stiffeners” by themselves
give the shell substantially more resistance to buckling,
while bulkheads alone avail little. A shell must he long
and. narrow to insure the same increase in buckling stiff-
ness with bulkheads as with stiffeners. The validity of
the quoted buckling stresses Ok is, however, predicated
on the absence of local bulges in the reinforcements and
panels. Appearance of the stress ~R in the formula
makes the inclusion of the preliminary bulging effect nec -

A) essary~

An entirely different kind of stability failure may
occur in a long, not unduly thin-walled cylinder without
bulkheads when in bending the sections flatten out and the
entire shell finally collapses. This case has been stud=
ied for the first time by Brazier, as applied to the iso-
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tropic circular cyiindcr, and subsequently, by Heck (rpf-
ercnce 13) to the orthogonally anisotropic elliptic shell.
The critical stress of the longitudinally stiffened shell
in the extreme fiber is, accordi~ng to Heck:

in the elastic range.

]~ is approxiinntely equal to 0.3 for the circular
cvlindcr r.nd also for slightly elliptic cylindcrsec The
fOi”lllUlarcsemhlos i)schoufs l)uckliilg formula for the stiff-
ened circular cylinder, with the exception of the numeri-
c~,l f,~.ctor,~~hich iS only about half as great. 17ith the
ileccss?.r~Jreduction of t-he previously obtained theoretical

1v,?.Ucs 2.s r.result of the preliminary bulging effect, the
1Vpa uc from the last theory is in good agreement uith test

d<-.ta. US-LLCL1lY,hovcvcr, tho Sailure is n local stability
f,ailure rather thm ,Z collapse because of the generally -
C12P~OYCd hulkhcads.

c) Torsion ~silear) and combined stress (compression——.—.—. ———— ——”—_.-———— —————————
and ..s;2s2x).-o The critical shear stress of an unstiffened
ci”rcular cylinder ~il torsion can %e expressed by 3onellts
(Iiteratura quoted in reference 14), which for thin-walled

f’

.
/’7/

s-hells of finite length [.= < 6.5 ~~ with, v = 0.3 aild

freely S-u-finort,ed.C?.gcs,-.. gives:

Tk = 0.815 I!(;)”2(2)’”r

For very Iozzg cylinders (pipes) with V = 0.3, it is:

Sch-~eriats formula for the critical twisting stress of in-
finitely lon~ circu].ar cylinders ic similar, Iut his nuner-
ical f~.ctor is only 0.25. Tho theoretical values Tk

must a~~.in be reduced 60 to 80 percent to allow for ~hti
prelinia:~ry b.llgiil~ effect.

Shorter, unstiffcncd circular cylinders (:< 5) may

‘\
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be treated. %y Ballerstedt and 17agnerts formula (reference
15): ..,.,, ,., . ,., ..

,-. .

For freely supported sides use k = 5.O; for clamped sides,.
k = 9.1. For vanishing curvature, the formulas give approx-
imately the critical shear stress of the freely supported
and clamped flat strip of infinite length (k = 4.85 and
k = 8.15, respectively). The formula was confirm$d by
Ballerstedt a~d Wagner on circular cylinders of s = 250 to

4,000, and L = 0.25 to 2.0 as well as by Lundquist’s ex- .

perirn~nts (re~erence 16), in the range of ~ = 340 to 1,400
&

an dr” = 0.2 to 5.0.

The panels of width b in a stiffened cylinder can
again bulge hctwccn the stiffeners under twisting stress.
This case has not been theoretically explored heretofore,
although Timoshenko IS or Redshawts formulas for the curved
panel under compression may be employed for the critical
shear stresses:

~ R2
Tk = Tp + –— for < 2Tp

4 Tp
TR .

and

or

Herein TR is the buckling stress of the unstiffened full

shell , according to one of the cited formulas and Tp =

4.85 and 8~15 E @2, respectively; the critical shear

“stress for the freeiy suj~ported and the clamped strip,
The thus-computed critical shear stresses are in satisfac-
tory agreement with experimental data. The dimensions of
the three circular cylinders in the DVL tests were: ~ =

600, 800, 1,000; + = 150, 400, 35’0; $2 ~co. Ti’rnosh”enko‘s

values were on an average 10 percent lower, and Redshawxs
figures about 10 percent higher than the experimental val-
ues. The buckling stress TR was expressed by Ballerstedt
aild l’fagner~s value.

!,

1,- — —.
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Under bending with transverse load as well as combined
bending and torsion, the p~cls manifest axial stresses ,due
to tending superposed by shear stresses due to transverse
load and torsion (fig. 13). The relevant critical compres-
sive and shearing stresses ok and Tk which induce fail-

ure if concurrent, may be determined from

()‘kn=l gk
———— . ————
‘k , ak,o

where
,ak,o

and
‘k,o

signify the critical stress in pure

compression and pure shear, respectively. The exponent n
is n = 2, according to Ballerstedt and Wagner, and n *
3, according to TJ.S. experiments (reference 16). Under
superposed tensile and shearing stresses it is, according
to Ballerstedt-17agner (reference 1’7):

5. Stress Condition of Stiffened Shells

after Bulging of Skin

a) Flat nanel in co~.prescion.- Bulging of the panels_——— ______________ .——————
between the stiffeners as a result of compression or shear
load doec not, however, exhaust the load capacity of the
stiffened slhell under bending or torsion. The stiffeners,
and to a certain extent the buckled panels themselves, re-
main ca~pable of supporting additional compressive loads;
likewise, the panels, acting as diagonal tension fields
can, in conjunction with the stiffeners, transmit further
shear loads. Permanent deformations of the bulged panels
after abatement of the,load, is usually not to be feared
in the thin-~alled metal designs of aircraft, because the
panels usually bulge far below the elastic limit and would
recluire more substantial bending stresses lefore that lim-
it is exceeded. ‘This e:~plains the Importance attaching to
the stre~s coildition of shell bodies after lmlging of the
metal skin.

Take the simplest case of flat panel under pure com-
pression after bulging; the zides of the panel bounded by
the stiffeners are “to remain straight under the load.
Further compression of ~uch ~ sheet after lulging causes
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the mean longitudinal fibers to deflect more than the out-
e,r.fi%ers,. and so avoid any subsequent stress absorption
because their contraction does not follow as elastic crush-
ing but as geometrical contraction of the chord with re-
spect to the arc. So, under increasing load, the compres-
sive. stress in the center remains almost the same as at
bulging, while manifesting a marked rise toward the sides
(fig. 14). The same holds true in transverse direction
of the sheets Owing to this, the sides would give inward-
ly in the middle if the stiffeners or the adjacent sheet
panels did not prevent that. This constraint produces
stresses in transverse direction which with nonshifting
sides form a resultant transverse tension. The thus cre-
ated stress condition was deduced by Marguerre and Trefftz
(reference 18) from the theory of plates with “greatn de-
flection on the basis of the bulge form shortly after
bulging. Marguerre (reference 19) then extended the study
to lulge forms encountered in shell bodies after consid-
erably exceeded buckling load.

For the practical calculation, the concept of llaPPar-
ent’1 or lleffectivell width is very expedient. Visualize at
the ec}ge, stiffeners fully supporting sheet strips of suc’h
width, that they carry the same lomd as the whole sheet
panel. With UL = stress in edge stiffeners, and am =

mean stress of. the whole sheet panel of width b, the ap-
parent width is defined by (fig. 14):

+-b/2
P

llmoL=hcYm= J CTX dy

-b/2

An estimate of the apparent width which lies on the
safe side can reobtained, according to von K&rmdn, in the
following manner: .The load capacity of a plate of width
b and thickness s is - if its buckling stress ~k is
considered as stress limit -

Herein k ‘denotes ~ numerical factor depending on the
edge support and the aspect ratio. Co”nforma%ly to this
formula, the plate carries so much more ns its width is
less. On the other hand, there is a limit to which the
width may be reduced; that is, the “buckling stress may not
exceed the critical compressive stress OL of the edge

.
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sections nor the yield point. K~rm&n then assumes that
the plate, width b, stressed beyond its buckling limit,
has at least the sane load capacity as a narrower plate
of width lm, whose buckling stress ak,m is ~recisely

equal to the limiting stress UL:

Therefron follows the llapparentlr midth at ‘

For the plate hinged at the sides, it is:

f

—

br:l= 1.9 :– s
L

an d the nean stress beco~.es:

The fornula for bm or on can equally well be en-

ployed to compute the stresses aL > ok in the stiffeners

of section ‘L by given compression load P. One may

estinate aL first, and then check whether or not the

stress

P P- ~rllls~L = ———:.————— = ————————.—
FL + bn S ??L

defined vit’h the values bn or on corresponds to the

first acsunption. If not, then the rapidly convergent
process is repeated.

Xvolved on a sinplif~ying assumption for the stress
condition (03- = T = O), which is, however, as treated in
detail in Marguerrels report, precarious - especially, in
ViCW of the nonconnliance of the sides to rer.ain straight -
Cox oht~.ined as shire of the apparent width:
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His findings for freely supported sides are: (Z= 0.80
and $ = 0.09, for clamped sides; -a = 0.82 and P =
0.14. . Adapting the coefficients to the more accurate re~
suits, of Margucrre, it is better to put a = 0.81 and
P = 0.19 for freely supported sides which, even in the
limiting case ok = ~L gives the correct valuo bm = h.
Margucrre suggests a very simple approximate formula,
which is in good agreement with the exact results:

Figure 15 is a comparison of the apparent widths ver-
Sus ~L/~k , according to various theories and formulas,

including the experimental values obtained by Lahde and
Wagner (reference 20). The curve, conformable to Mar-
guerrets approximate formula, is in satisfactory accord
with the test points, whereas the curve according to
Kdrm&nts formula, gives throughout, too small values. The
theoretical curve according to Treffti,z-=Marguerre, and cor-
respondingly , the curve according to COX!S improved for-
mula, are in good agreement with the experiments so far as
the buckling load is not too much exceeded; if exceeded
very much, the values are too great. This is due to the
fact that the buckling form serving as basis of the theory,
does not resemble accurately enough the actual buckling
form incurred under greatly exceeded buckling load.

b) Curved ~anel under compression.- Theoretical fnves~—..———- .————— ________ _——————
tigations concerning the apparent Ividth of curved panels
buckled in compression are as yet lacking. Newell (ref-
erence 21) made some experiments with unstiffened curved
sheets, whose sides wer~ carried in V-shaped grooves which
allowed tangential - but no radial - shifting of the sides
in circumferential direction. But such an arrangement
carries little rescmhlance to the actual conditions of a
curved panel between two stiffeners of a shell bo&..

. An estimate of the load capacity and of the apparent
width of a curved panel can be obtained as follows: If
the sheet is curved, the curvature itself affords an addi-
tional load capacity which” is not dependent ““onthe stiffen-
er spacing. The load that a sheet can carry because of
its curvature, is:

‘R =0 Rbs, wi th ‘R
=0.3E$’

.!.,
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Then .the portion between the stiffeners supported as Ilplatelf
needs to carry only the difference between the total panel
load. and the curvature share PR . Then as edge stress of

this plate the difference (aL- OR) is in force rather

than the stiffener stress aL. The apparent width of the

curved sheet is expressed with %m to differentiate it

from that of the flat sheet bm (and the difference

(~L - OR) substitutes for OL and the buckling stress

cYp of the flat plate of width. b for ~L . Then the load

cape.city of the sheet by virtue of its plate effect becomes:

pp = (OL - –@ S bm

and the total load capacity of the curved panel

PR + Pp = OR S b + (UL - @ S%m = ~L S

is:

bm

Therefrom follows the ayparent width of the curved sheet
at

IIm :: (b - %m)=%m+–-

wherein, if the apparent width of the flat sheet freely
supported at the sides is computed, say, according to
Marguerre , we must introduce:

The validity of the formula for %m was checked %y
the DVL in a series of tests on reinforced panels (fig. 16)
divided by stiffeners, into several (3 to 5) curved sheets,
the two ends hei~lg bolted to angle sections as shown in the
figure. The panels were compressed. between parallel plates
in a 20--tonhydraulic press. The tests were made with
curved sheets of different curvature and thickness (r/s =
500, 800, 1,000, 2,000, co) and different stiffener sections.
The dimensions of the individual panels may be seen in fig-
ures 17 and 18.

‘The test st~tiolis ~,t which the measurements mere made
and the mean compressive stress values UL computed, are
shown in figures 17 and 18. Based”upon these measurements,
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the apparent width was then obtained in the following man-
n’er: The’ tottil‘load c~,pac”ityof ’the” stiffeners ‘with to=
tal section ZFL is: FL = nL ZFL. The difference be-
tween the total applied load P anc~.the load capacity
pL then represents the load of, the n skin panels alone:

‘H =P-PL=ns%m,aL, from which the apparent width at

each stiffener then follows at:

- CJL ~ FL
IIm = ~———---

n“ s ~L

Figures 17 and 18 give the experimental apparent widths “
versus mean profile stressg The curves of the, apparent
width of the curved sheet as derived from the previous for-
mul a, are also shown by comparison. The apparent width
%m of the panels vith open channel stiffeners was comput-

ed with

%m
‘ Ks+~14b

= 1.63

and for those with closed stiffeners corresponding to the
stronger fixity of the panels, with

~m = 2.15
1

E
-a

s + 0.14 (b - e)
~- %

Herein b den~tes the spacing of the profiles%and e the
spacing of the two rivet rows. The computed is count-
ed outward from the rivet rows. In panels withmclosed
channel stiffeners ,thq.sheet between the rivet rows is fig-=
ur”ed as %eing fully supporting. The curvature. stress was
written in at OR = 0.3 X ~“; the elastic modulus at X =

740,000 kg/cm2 for dur’alu~in.

The comparison of the test values with those from the
proposed formuli discloses””for the greatly curved sheets
(r = 200 mm) a good agreement at the beginning; while for
the shallow “cur+at”ure by ‘she-lls with open sections, the
conputed values are slightly higher th~ the experimental
values; in shells with closed sections it is the ,opposite,
probably o-ying to the letter support of the sheet panels
tvith the closed sections. Every experimental curvo of the
shell of 0.4 mm thickness, reveals in the vicinity of
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(TL = 1,000 kg/cm2 - on the open sections a little before,
on the closed one a little behind - a distinct break. .
This is the point where’ the buckling stress of the sheet
between the rivets spaced at t = 20 mm is roached. For
full fixation, this amounts to

From horc on there is no substantial increase in load
capacity of the skin PE = O-L I)m s; that is, the apparent

widths plotted against UL resemble equilateral hyperbo-

las. The panel of 0.5 m thickness, reveals no break at

‘L’= “1,000 kg/cm2, hut evinces at OL = 1,500 kg/cn2

(i.e., buckling stress of sheet of 0.5 mn thickness) a
narked cleparture fron the theoretical curve.

Sur:ned up, the given fornula for assessing the appar-
ent width in shells of curved sheet is practical so long
as the sheet is not buckled between the rivets; for shells
with oyen sections the values being a little too high, for
those vith closed sections a little too low. In this range
the apparent width is substantially enhanced by the curva-
ture, as seen on comparison with the flat sheet curves of
figures 17 and 18. Following the buckling of the sheet be-
tween the rivets, however, the apparent width of the curved
sheet diminishes much faster than the theoretical curves
indicate, and drops in proximity of the failing condition
to approximately the value of the flat sheet (fig. 40).
Further data on the effect of rivet spacing in its rela-
tion to the load capacity of stiffened shells will be
found in an article by Kromm (reference 22).

c) Stiffened full shell with buckled ~nels under-——————_—______________——————— ——————T—
pure 3endinq.- On knowing the stress condition of the
curved panel buckled in compression, the stress condition
of the stiffened full shell with panels buckled in pure
bending can then be ascertained. We first determine the
rectilinear stress condition 00 on the assumption of
fully supporting skin in the compression zone; then ascer-
tain with one of the formulas cited in section 4a, which
panels in the compression zone buckle, and then compute on
the stiffeners the apparent widths ?Im.l of the buckled

panels from one of the previously cited formulas by intro-
ducing the stresses cr. . for fu’lly supporting skin in

Ll,u

the first calculation process. The result is a new cross
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section only partially supporting in the compression zone,
from whose inertia moment referred to the new zero line

,,

follows, an improved straight stress condition U1. !Chis

then gives more exact values bm,a and Ja for the ap-

parent widths and the inertia moment from which a further
‘improved stress condition U2 can be obtained, etc. In

general, however, the stresses 02 themselves, diverge so
little from al, that one or, at the most two, calcula-
tion processes are sufficient. A simpler but somewhat less
accurate method is to define the new stresses ‘L,l aL,2 ‘
etc~ , directly from the stresses ‘L,O of the fully sup-

porting cross section and the apparent widths bm,l, bm,a,

etca :

FL+bs FL+bs
UL,l = .-——___

aL,O’ ~L,~ = —————
FL+hm,l S

‘–~ ~L,O etc.
‘L + bm,a

It eliminates the tedious second determination of the
zero line and of the inertia moment, although leaves the
stress distribution in the compression zone no longOr ret-
tilinear.

To check the p~posed calculation method, we made some
stress measurements on different stiffened circular cylin-
ders under pure bending. The loading arrangement is seen
in figure 19. The ends of the cylinder are reinforced by
heavy steel rings to prevent local overstresses under load
applications It is secured on one end to an iron frame
while the load iS applied at the other through a couple of
horizontally acting forces. This horizontal couple is the
counter effect of a vertical couple formed by the tension
of a hand winch and its counterforce on a lengthwise slid-
ing roller bearing. The cylinder in figure 19 is of 0.4
mm wall thickness and 400 mm curvature radius and rein-
forced by 18 Z-section stiffeners (fig. 20). The ring
fram,,es,also. of Z-sections, are spaced 360 mm apart and
attached to the inside edge of the stiffeners. The stress-
es were measured in a mean section on every stiffener at
three stations each (fig. 20) at loads up to 3/4 failing
load. The mean values of these stresses for three differ-
ent load increments are plotted against the stiffener% in
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figure 20. ~ae stress distribution, according to the ele-
mentary beam theory for all load. increments and assumedly
fully supporting skin, was also included for comparison.
Comparison of the theoretical and experimental results
disclose that under slightly exceeded lmckling stress of
the skin - the first skin %uckles appeared at around 630
mkg bending moment - the real stress condition is still
fairly obtained by the elementary learn theory if a fully
supporting skin is assumed, while at the higher load
stages tb.e compression zone manifests appreciable differ-
ences. But with the more accurate method of the apparent
width, the values for the highest load increment are in
good agreement with the experimental values. The simpler
method of maintaining the zero line of the fully support-
ing cross section gives, at the extreme compression fiber
stresses,, al)out 12 percent ‘too high compared to the ex-
perimental values.

d) Reinforced full shell in bendin~ with transverse.— ———_____________
load and torsion.- Bending with transverse load induces,—————— ________
apart from the buckles in the compression zone, oblique
wrinkles due to the buckling of the panels as a result of
shear, which begin in the neutral zone and, under further
load increase, continue chiefly in the less shear-resist-
ant compression zone (fig. 2i). The formation of the ob-
lique wrinkles creates a stress rearrangement lecause now
the panel transmits chiefly tensile stresses in the direc-
tion of the wrinkles and the compressive stresses must be
taken up by the stiffeners, Under greatly exceeded buck-
ling stress the stress condition due to shear can he de-
tcrminccl according to Wagnerts tension bay theory (refer-
ence 23). Assuming a homogeneous distortion bay, the
wrinkling angle a to the longitudinal direction is for
the curved panel obtained from (roferencc 24):

whereby cl and ~1 are the principal elongation and
principal stress, respectively, in direction of the wrin-
kles; 6X and Cy and Ox and ~y, respectively, the elon-

gations and stresses of the side stiffeners in longitudi-
nal and transverse direction. The value ~ is obtained
for the curved sheet as a result of the fact that under
increasing shear load the oblique skin wrinkles between
the stiffeners are gradually pulled smooth. The sheet of
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arc length b curved about the x-axis corresponds, after
smoothing, to a flat sheet of height ‘bT which prior to

...xsh..e.al’.loadia~l~adad been “contracted thro”ugh”tirinkling in
transverse direction for the difference between arc and
chord. In the circular. cylinder the IIwrinklinglt is approx-
imately (rof~rencc .24):

The principal stress in the tensio”n lay becomes:

T
ol = ———.———— — + 02

sin CL cos a

the normal stress in loilgitudinal direction:

and the normal stress in circumferential direction.
i

The stress condition is first ascertained with an es-
tima~ed value of the wrinkling angle and then progressively
improved by insertion of the value found in the preceding
step. The still undetermined principal stress n2 trans-
vorsc to the direction of the wrinkles must be allowed for
by an assumption (reference 25). The simplest way is to
disregard CTa altogether as on the flat-plate beam.
this

3U ii
simplification a,s applied. to the curved panel is less

favoratlc on account of the generally less exceeded buck-
ling load than for the flat panel. However, in place of
02 = o, the principe.1 stress 02 during ”the subsequent
load increase may be ass?lmod as regards magnitude constant-
ly cqllo,lto ftS value ~2,1C at the instant of buckling.
or, whcll computing the stress condition in the tension
bay, simply consider th~ 6xcess of the load beyond the
critical on buckling; i.e., for ins.tancc, under pure shear
bending, utilize only the difference (T - Tk).

As ‘proved-by experiments, the formation of a complete
tension hay after buckling is no sudden process, but rath-
0??.z?.gradual change from pure shear into pure tension bay
(rcf c.rcnce 26). As P.result, tho stiff ~ner ~.nd bulkhead
stresses attain to their full value only after tho bucl~ling
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load has been substantially exceeded. This zone of tran-,
sition of the “incomplete tension bayll is of particular
importance for the stiffened shell with shear loaded curved
panels, as in most cases failure occurs before the tension
bays are completely” formed. Besides, the shear stiffness
of the panels in the transition zone is necessary for com-
puting the strain condition of the shell. Schapitz treats
the stress condition of an inconplcte tension bay under
shear and compression (reference 27).

The transverse load in the stiffeners of a cylinder
(fig. 11) produces additional compression loads due to the
longitudiilal stresses an of the complete tension bays:

ALi=~ (bi Si On,i + l)i+~ Si+~ Un,i+l)

These additional compression loads are further supplement-
ed as a result of the tension bays through the deflection
of the tension wrinkles at the stiffeners by inward radial
loads “qr and under unequal stress or observation of ad-
jacent bays by tangential loads !lU3 which are defined

through the circumferential stresses Ou of the tension

bays. Iil the circular cylinder with stiffeners of not too
great spacing b it is:

These additive loads strain the stiffeners in bending,
and their support loads the bulkheads in bending and com-
pression. The radial loads increase toward the neutral
zone; for that reason if the shell is stressed in bending
and transverse load, the compression-bending stress of the
stiffeners r.erarerto the neutral zone may become more se.ri-
ous than the compressive stresses of the stiffeners in the
extreme compression zone.

The stress distribution in bending with transverse
load on the cylinder illustrated in figure 22, was estab-
lished through various stress measurements. The loading
‘was effected as a ,concentrated load applied at the stiffen-
er ring of the free end. The stresses were measured on
all stiffeners in three sections at the same loe.d incre-
ment (fig. 22), and in a further section at three different
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load stages as well as for a pure bending moment corre-
sponding to the highest load stage (fig. 23).. The diagrams
give’ the””av’erages of “the measured stresses for three. t.est
stations each of the two symmetrical stiffeners and the
computed values with and without allowance for the com-
pression stresses created by the tension bays. These addi-
tive stresses were computed from the excess (T - Tk) Oil
the assumption of a complete tension bay as follo’ivs: The
nornal force in the ith tension bay in longitudinal direc-
tion is

Ni = O_n,i 1) s = (Ti o ‘k,i) cot ~i b S

The critical shear stress ‘k,i is expressed in every lay

with the relevant value of the combined tensile and com-
pressive ctress (section II,4,c).

In the individual bays of the formulas for the wrink-
ling an~les a, the mean values of the stresses ox and

Oy of the opposite side members due to bending and addi-

tional stress through the tension bays, were introduced.
Ii’orthe bending stresses we assumed at the stiffeners the
effective sheet strips resulting under pure bending, while
for the a,clditive stresses, only the strip between the t~~o
rivet rows of the hat section Was added to the section of
the stiffener. In the transverse elongation ‘Y

the com-

pression of the %ulkheads and the mean deflections of the
stiffeners due to radial loading qr were also allowed
for in addition to the wrinkling effect.

The tension loads l~i of the panels are balanced by
the compression loads of the stiffeners. By immediate
hal~iice of the unlike loads l~i in the different bays in
the adjacegt stiffeners, the end sections would have to be
able to warp, which the stiff end rings, however, prevent.
For thi~ reason the resultant normal force of the loads
Ni is evenly, and its moment with respect to the center
of gravity of the stiffeners (without covering) rectilin-
early , distributed over it. Then the additional stress of
the ith. longitudinal flange becomes (cf. section II,3,a):

. . m m
2 Ni X I’Ti‘2i

A ~L,i = —&–—+ ~——————.———— ~L,i

~ FL,i ‘$ l?L,i yL,i2
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with

These stresses were superposed on those

Bz
~L, i = ~––—––– Yi

due to bending moment alone, i.e. , tvithout tension bay ef-
fect.

The comparison of the stresses in figure 22 shows
that the recorded stresses lie on the average between
those computed with and without tension bays. In the ex-
treme cor,pression zone they approximately reach the value
of,the tension bay theory; in the extreme tension zone
they come nearer to the value of the elementary beam theo-
ry. The section V at the point of load application, as
well as section I at the point of fixity, ;~anifested a
distinct S motion, which is not quite so pronounced on
the test values of the middle section. This is attributa-
ble to the supplementary stresses set up in the rigid end
rings as a result of the restrained m,arping. The warping
without the end rings, as a result of the transverse load,
follows from the lessened shear stiffness of the tension
bays in the’neutral zone. (Cf. section 11,2, b.)

The stresses (fig. 23) recorded in section II in bend-
ing with transverse load arc in good agreement with the val-.
ues of the elementary theory for the first load stage,
which is slightly ~elow the buckling load, but disclose a
greater divergence in the compression zone as the load is
increased, while the measurements under inure bending con-
form to the ele.nentary calculation even in the highest
lo~d stage. On the other hand, the tension bay theory is
well complied with by the test values in the compression
zone under transverse load and bending. In the tension
zone the te~t points again approach the computed stress
condition without tension bay influe~ce. In short, under
%ending with greater tr~.nsverse load - apart from minor
disturbances due to restrained warping - the stresses in
the extreme tension fiber are accurately enough analyzed
by the elementary bending theory and in the extreme com-
pression fiber by the tension bay theory.
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In pure torsion and simultaneous bending a“nd,torsion
of a stiffened shell, the tension bays formed after buck-
ling of the skin? are the ’ktificasin ‘bend’ifikti”it~trans-
verse load. If the bays are of equal size all tension
bays are alike in pure twist. (fig- 24)0 So the same argu-
ments hold for the tension bay stresses and the additional
stiffener stresses as “oefore. But , while - as proved by
the experiments - in bending with transverse load which
relates to an additional stiffener stress due to the ten-
sion bays, the complete tension bay suffices as basis Of
the calculation, this assumption creates under preponder-
~ilt torsion stress iil thicker shells and weaker stiffen-
ers, greater differences ~etmeen theory and test, In this
cnse an accurate calculation, evolved on the incomplete
tensioil -nay, is necessary. A detailed study of the stress
condition in torsion of stiffened shells after buckling of
the tension bays and a comparison of experimental data
with differe-nt theories, has been made by Schapitz (refer-
ence 28).

III. DETERhIINATION OF FAILING STRENGTH

1. Failing Strength in Bending

a) Effect of ~kin on failings~segg~ ●- The load ca-
pacity ~f a shell with ‘mck].ing-resistant sheet panels and
stiffeilcrs uilder flexure is determined from the buckling
stresses ow of its compression zone as given in section..
11,4. In a shell with buckled sheet panels the real shell
effect is lost, and it then’ becomes a system of stiffeners
a ~ .3 ‘~u~kheads. If the bulkheads are of adequate stiff-
riess, the load capacity becomes exhausted. when the stiffen-
ers fail. Consequently, the buckling strength of the stif-
feners governs the failing bonding moment of such a sh,ell~
Depending on length and. section, the failing of the longi-
tudinal”s rlay occur in various forms: as Xuler members per-
pendicular to the skin (flexural buckling) “if consisting
of men%ers with closed profile and great length or wall
thickness; the buckling of members with open profile is
associ~.ted with a simultaneous twisting (torsional buck-
ling); if of short length. or very thin walls, the closed as
well as the oPen Profiles manifest local “buckling. Where-
as these three buckling forms are still mathematically
Calculable if the profile is bare (no skin), the additive
coveriilg introduces influences on the buckling process
which are difficult to analyze.

—
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To begin with, the skin raises the stiffness o“f the
section effective for the flexural buckling. The relevant
aPParent Width bm ‘ of the sheet is not identical with
the e,pparent width bin.. but follows from the longitudinal
stiffness of the strip at the instant of buckling (refer-
ence 29):

Since
%: < 0

(fig. 15), it is bm! < %m. Under torsion-

al buckling of the stiffeners, the skin forces a different
point of rotatiion than by nonexisting skin and consequent-
ly, increases the critical compressive stress substantial-
ly . Aside from that, the skin - in flexural buckling as
well as torsional buckling - forms an elastic support of
the profile, thus effecting a further increase in its buck-
ling load. But the skin may have an adverse effect on lo-
cal buckling unless skin thickness and profile wall thick-
ness are markedly unlike. For in this case the buckling
of the skin invites premature buckling of the profile.

b) Substitution of curtied~-manel compres~ion test for———— _____ ._ ____________
the fuil shell-bending test.- In view of the descri%ed——————————— __________
covering (skin) effects on the buckling process, it seems
hardly possible to he able to ascertain the actual buck-
ling stress of the stiffeners by purely mathematical treat-
ment. On the other hand, it is no simple matter to deter-
mine the failing-bending moment by bending test on the en-
tire full shell. According to the investigations of the
preceding section, the stress condition of the full shell
is accounted for by bending: besides, if the skin is buck-
led, a slight influencing on the buckling stress of the
individual stiffeners through the stress condition of the
adjaceilt stiffeners, is. to be expected. It is therefore
logical for the determination of the failing-bending mo-
ment to replace the full-~hel~ bending test by a compres-
sion test with a curved panel having a compression zone
p~tterned”aftcr the full shell. It reproduces the elusive
effect of the skin On the buckling stress of the stiffen-
ers fairly accurately.

One difficulty, however,~..”.*.- encountered in curved-panel
tests is the correct choice Of support conditions and the
length of the panel, because the stiffeners in the full
shell arc more or less elastically restrained, depending

—
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on the type of attachment to the bulkheads and the design
of the bulkhead section. If the bulkheads are attached to

‘th& skin and the slipped-thfough stiffeners rigidly con-
nected with them, it approximately resembles full restraint
if the bulkheads are tolerably torsion-resistant. But, if
only the inner edges of the stiffeners rest on the lmlk-
hea.”drings not joined to the skin, the stiffeners may turn
at the bulkheads. A certain elastic restraint is active
in this case also, because on buckling the stiffeners in
the adjacent bulkhead sections bend alternately inward and
outward and the elastic support of the curved skin in
these two directions is different.

In the chosen test arrangement of the panel compres=
sion test, as described in II,5,b, the stiffeners are fair-
ly rigidly clamped at the “strong angles (figs. 26 to 30).
Choosiilg the length Of panel equal to the simple bulkhead
~acing, it approximately corresponds to a full restraint
of stiffeners in the full shell.”- TO simulate the case of
stiffeners elastically supported at the bulkheads of the
full shell with the present panel restraint at the side an-
gles, their length must be equal to twice the bulkhead
spacing. But in curved shells this choice of panel length
is somewhat too unfavorable on account of the described
~laStiC sunnort due to the skin,-. and also on account of
the possible reciprocal supporting of the stiffcnc.r sec-
tions in the full shell. The associated elastic restraint
and support was allowed for by riveting an intermediate
bnlkhcr.d piece to the insid~ of the stiffener sections in
the ccntor of the panels Of t~~icc the bulkhead spacing.

In order to establish the effect of the length and of
the restraint on the lopwd capacity numcrica~ly, a series
of tests was ~lade with one short and one long panel each
in the described manner for five different section designs.
The shells had closed-hat sections (figs. 25, 26, and 27),
open Z-sections (figs. 28 and 29), and open-hat sections
(fig. 30); in two series the section height and in one se-
ries the section spacing ~.nd the skin thickness were var-
ied in addition. Further data will be found in table 1.
In tile first four series, mean wall thickness Sin”,skin
thickness sH , curvat-~re rr,dius r, and section spaCing
b were alike, thus making the findings of the failing
tests ?.vailable for an evaluation of the best form and
height of sectioas. With this in view, an additional com-
pression test on a very short panel with open-hat sections
but otherwise identicp.1 dincnsioos was made. (See table
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I, last line.) The distance between the centers of grav-
ity of stiffener attachment bolts served as shell length
t.

The identical aspect of failure for both the short
and long shell with the higher closed-hat sections (figs.
25, 26, and 27) leads one to the conclusion that the length
or restraint in these shells is of secondary importance.
These shells failed by starting with strictly local buck-
ling at the flanges on which the length has no effect.
From the mean failing stress am,B of the panel aild the

failing stress aL,B of the stiffeners in table I, it is

apparent that the load capacity is the same for the short
as for the long shell, but not for shells with low-hat
sections.

Then , even the long shell discloses an appreciable
drop (13 percent) in load capacity compared to the short
shell; and for the long shell with low Z-sections, it is
22 percent less than for the short one. In shells with
high Z-sections and open U-channels, the respective drop
is 18 c.nd 13 percent for the long s~iell. This greater
drop iil the load capacity for open sections is attributa-
ble to the form of failure (figs. 28 and 29). These shells –
fail in buckling accompanied %y twisting of the sections -
being therefore associated with the restraint of the ends
of the members. The more pronounced effect on the short
shell is seen in figure 28, while the intermediate bulk-
head in figure 29 has no ap-precia,%lerestraining effect on
the twisting of the sections of the long shell.

Based upon the compression tests, it may be stated
that in shells with stiffener sections which fail through
.bueklin~ - that is, particularly those with closed (not
too compact) hat profiles, the length chosen for the com-
pression test is of no concern, whereas it has a notice-
able effiec’ton the load capacity of shells with stiffener
sectioils which fail in flcxural and torsional buckling,’
particularly , those having short open profiles. For such
shells the choice of panel length lies between the single
and double former spacing, depending on the bond of the
stiffeners existing in the full shell.

c) Method of failing - bendinp moment determination.-—————_—.———————— ———.-———— a-———————————————————
There are two ways of computing the failing-bending moment
by means of the failing stress of the panel from the com-
pression test: First, by computing the mean compression



N.A. C.A. Technical Memorandum ~To. 8.38 39

stress ~m ,3 of the panel on failing under the assumption

of. a fully. supporting section and multiplying this ly the
section i~odulus W of the fully supporting section of the
“full shell. This gives the “bending moment at failure:

% = an ~ T. In the second case, ?ve resort to the effec-

tive iyi;th bm and determine the failing stress aL,B Of

its stiffeners at the instant of failure of the panel,
multiplied by the section modulus W~ of the full shell
with allowance for the unliko effective widths a% the in-
dividual stiffeners in bending. It gives the ultimate
befidiilgmoment: Bk ? = ~L,B ~y. Rather than computing the

failing stress aL.3 wit~ the aid of the apparent width,

the stiffener stress in the panel test can, of course, also
be measured aS near to failure as possible, and then ex-.
trapolated to failure. The ultimate bending obtained by
the first method ir, lower than that by the second, since
only the sqallest apparent IYidth existing at the extreme
Compression fiber of the bent full shell is involved. Th e
first ncthod is therefore on the safer side quite apart
from “Dcing much more simple since it affords the apparent
miclth direct ?~ithout making the tedious calculation of the
section modulus W? necessary.

The bending moment at failure in bending with trans-
verse loo.d cr.n equally bc O’btained. from a panel test. In
a cylinder with restrained end warping (figsm 22 and 23)
the compressive stresses of the stiffeners in the full
s~lcll (OL + A ~L) due to bencling and additional stress

through the tension panels (cf. section II,5,d) must not
exceed the failing stress 0L,3 established in the panel

compression test. For the first method the stress A ~L

of the extreme stiffeners must be reduced to the mean fail-
iilg stress, which then affords as e,upportable bending mo-
ment ‘OY simultaneous transverse load:

where X FL is again the total stiffener section and n .

th.6”tiurnberof skin panels- The second method gives at
once:
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Under greater transverse load or different shell-end
stiffening, however, the bending loads q may , as a re-
sult of the deflected tension bays, stress other stiffen-
ers in the compression zone more unfavorable than the ex-
treme ones. In this case the panel test must include oth-
er than the compressive loading a transverse loading.
(Cf. section 111 ,2.)

As a check on the two suggested methods, and for com-
parison of the ultimate bending moments attainable for
different section design but equal weight, a series of
bending tests with and without transverse load were car-
ried out on three circular cylinders of the dimensions
given in table II. The loading arrangement was the same
as for the stress measurements (fig. 19). The photographs,
of the cylinder failure (figs. 31-34) resemble those for
the corresponding panel failure (figs. 25-30), with the .
exception of the more pronounced deflection of the stif-
feners of the full shell with Z-sections (fig. 33) in the
first “panel in contrast to that of the full shell with
open-hat sections (fig. 34). The reason for this is that
the first cylinder is stressed in lending with transverse
load and consequently, stressed more severely in the first
panel than in the others. In this case the first panel
is visibly restrained through the second panel which is
not lon.ded to failure.

!The ultimate bending moment in the full-shell test
measured in pure bending and in bending with transverse
1Load, is ~iven in table II. It is readily apparent that
the full shell with open Z-sections supnorts in bending
with trr.asverse load a%out 10 percent higher ‘oending mo-
nent thr.n in pure tending, as the result of the above-
mcntioncd restraining effect. In the full shells with hat
sections which largely failed in %uckling, this restrain-
ing effect is of no influence on the failing stress, so
that the ultimate bending moments are approximately alike
in bending with or without transverse load. The compari-
son of the cylinders of equal weight discloses the cYlin-
der with closed stiffener profiles to he superior to the
other two cylinders with open stiffener profiles as far as
bending strength is concerned. The failing stresses ~m,B

and OL,B agree with the values for the relevant panels

in table I (series 1, 3, and 5).

On comparing the theoretical and experimental ulti~
mate lending moments, it will be found that the first,
simpler method affords sufficiently accurate failing val-
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ues for the first two cylinders, ~ut falls short by about
14 percent for the t,hi.rdcylin.d.e,r. The second method gives
the co”rrict value for-the third cylinder, but slightly too
high values for the other two cylinders when compared with
the pure bending figure for the first cylinder. On the
other hand, the computed value for bending with transverse
load is in agreement with thb experimental “figure. The rea-
son for the underestimated load capacity of the third cyl-
indcr$ i~ due to the greater sectional-proportion of the
skin (~ = 0.5 instead-of ,0.4 millimeter), as a result of
which the incorrectly presumed effective width q.ade it”self
more noticeable.

2. F~.iling Strength Under Twi,sting and

Combined Bending and Twisting

The tension bays under twisting subject the stiffen-
ers of the full shell to compressive loads and distributed
r.~di~,lloads uhose support loads must be taken up by the
hulkhec.ds. If the bulkheads r.re,sufficiently rigid, the
failure mny take ~place through flexural buckling of the
stiffeners betweeil the bulkheads- The whole system buckl-
es below ~. certain bending stiffness of the bulkheads.
Lastly, failure mr.y occur through local coilapse of the
longitudinal or of the bulkheads t?.s,for instance, at the
points of lo:~.dapplication.

‘Whether or not the radially loaded bulkheads are Stiff
enough to force the s tiffcnei~s into buckling between the
%ulkheads, tail be r.scertained by d.isrcgr.rdiilgthe elastic
support of the stiffeilers due to the skin in the following
manner: In order to avoid buckling in the circular plane
of a circular ring of radius r under uniform inwardly”
r,adial load p, its minimum flexura 1 stiffness must %e:

pr3
EJRl . -Z- (referencc 30)

TO insure Xulerian buckling of the longitudinds be-
tween the rings at spacing. a in an axi~.lly loaded system
of members of length t which, without skin, consists of
a number of longitud.inals and rii>gs, a minimum bending.
stiffness of the rir.g of
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is required, if EJ L is the radial bending stiffness of
all c)ti,ffeners, The rin~s in the radially and axially
londci system are rigid enough to force the longitudinal
to buckle between the rings if they have a minimum bending
stiffness of

EJR .= EJRt + EJR1~

O..vingto the influence of the skin, the purely mathe-
matical treatr,ent of the buckling-bending strength of the
stiffeners in twisting is beset with the same difficulties
as the determination of i“ts buckling strength under bend-
in;;. 3ut here also, it is possible to obtain the buckling
strcn~th with allowance for skin effect from panel tests.
The panels are then to be simultaneously stressed under
the axial con~ression L and a lengthwise distributed
transverse load c. The loads to be taken up by the stif-
feners alone are o?)tained.from the tension-bay theory.
(cf. section 11,5, e.) The choice of panel length follotvs
the same arguments as for the pure compression test (cf.
sectiorl 111,1,1)), althou~h for pailels of double bulkhead
sgacing the intermed.ie.te bulkhead must be support to take
the bearing pressure of the trans~or~e load. The load
ratio ~ = L/Q degends on the wrinkling angle a and
consequently, on the load stage 0, that is, the ratio of
effective twisting moment T to the twisting moment To

at the instant of buckling of the skin. This means that
A must be modified continuously in the test as the panel
load is increased. If ‘B is the load stage at failure,
then the sought-for critical twisting moment becomes:

‘3 = 33 Too If the buckling load has been exceeded consid-

erably ($ > lG), it is advisable to compute the load ra-
tio ~ on the assumption of a complete tension ‘Day; if
iittle exceeded, by assuming an incomplete tension bay.
With complete tension bays” the respective loads L and Q
apportioned to a stiffener between two bulkheads of spac-
ing a, are:

Q. :b s au . : bs(Ttana+ 02)

or, with o~ omitted:



N.A. C-.A. Technical Memorandum No. 838 43

To. appraise” t“~e discussed calculation method as well
as to ,coypare several designs of the sane weight, the cyli-
nders cornpi”led in table II l?ere’sUb&-eqtien”t-lj-subjected to
twisting tests. The loading was effected on the same test
rig (fig. 19), the device for applying a pure twisting rfio--
ment being shif”ted 90°. Figures 35-37 illustrate the
failures of the three investigated cylinders. In every
case the stiffeners failed in flexural lmckling. On the
cylinder with Z-sections (fig. 35), it was accompanied hy
twisting of these sections; on the cylinder with closed-
hat profiles (fig. 36), by local buckling of the channel
flanges; and in the last cylinder (fig. 37), by spreading
or contraction of the open-hat profiles accompanied by
buckling of the back of the profile. The recorded critical
twisting r.oments are compiled in table III. Of the three
shells of identical weight, the one withclosed profiles
manifested uilder twisting - much more even than in bending -
the greatest load capacity.

On comparing the theoretical and experimental criti-
cal twisting moments of the second and third cylinders,
it is found that the premise of conplete tension ba,y af-
fords a good agreer:ent between theory and test for the
thin-walled cylinder (0.4 mm) stiffened with closed-hat
~rofiles, while the calculation evolved on the basis of the
complete tension ‘Day for the cylinder of 0.5 mm thickness
and open-ha,t profiles, falls skort by about 14 percent and
is too high by 8 percent for the incomplete tension bay.
The compression-bending tests on the panels patterned after
the second and third c:~l;.nderswere nade for a shell length
equal to single bulkhead spacing; the ends of the panels
were clamped ir. the rigid angles (figs. 25-30) as in the
compression test. ‘This arrangement is somewhat too favor-
able for panels with open-hat profiles for reasons given
in III,l,h (cf. table V, colu~ln 5), which explains the
discrepancy between theory and test of the third cylinder
by cor.{~lete tension bay.

The cylinders given in table II were subsequently
tested under combined bonding and t~~isting for different
B/T ratios. Figure 38 illustrates the failure of such a
test. The B and T values existing at the instant of
fa.ilureare shown infigure 39, plotted against the respec-
tive failing noncnts B. and To of different cylinders
in pure bending and pure twistir.g. Apart fron the test
point of cylinder III, the others lie on or between the
plotted curves:
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.Accordingly, with predetermined failing moment in
pure bending.and pure twisting, it is approximately possi-
ble to predict’ the failing moments for comlined bending
and twisting. The departure of the test point of cylinder
111 is due to the fact that this cylinder was subject to a
greater preliminary stress than the others.

In view of the scarcity of experimental data, the
method should be applied with some caution.

3. Effect of Section Design on

the Compressive Strength

Since, in view of the discussed experiments, the load
capacity of a full shell stressed in bending, is primarily
contingent upon the compressive strength of its compres-
sion zone, it is possible to ascertain the best sectional
design of the shell for equal weight on the basis of panel
compression tests. For this purpose a large number of
tests were made in the DVL, of which tafile III gives some
typical results.

The individual groups of panels differ in circumfer-
ential weight distribution, for which the mean- wall thickn-
ess s-J serves as criterion; panel curvature and length
in the different groups were also unlike. The distribu-
tion of the section over skin and stiffeners was also var--
ied. The most important result of the compression tests
is the fOllo~ving: The greater the cross-sectional propor-
tion of the stiffeners (FL/b) the greater the load ca-

pacity of the shell given through the mean failing str6?SSz

The smaller the mean wall thickness sm s the more pro-
nounced the difference in shell load c~pacity tvith greater
or lesser sh~.re of the stiffeners. So from the point of
view of ctatic strength, it is advisable - particularly,
with the thin shells usually emploxyed as shell bodies -
to strive for r.iinimum skin thickness, in order to attain
strongest possible stiffeners with high buckling stresses.
Heavy shells, less frequent as shell bodies than as shell
win~s, O,re, on the other hr,nd, less responsive to cross-
sectional distribution. Increasing the stiffener spaciilg
of thin shells, should enhance the load capacity; this,
while it vould somewhz,t loner the load capacity of the
sk~in, would , on the other hand, benefit the load capacity
of: the stiffeners, which then could be designed to resist
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buckiing and bulging to a greater extent, so long as the
failiilg strength of these stiffeners does not come too--.—... ..+&~o”&e”~o””tll’e-”’y~e~d poi~to

“But “the”stiffener s-pacing is
upwardly limited” insofar as no” bulging of the skin is
permissible under operating condition. A fifth or sixth
of the failing load is usually considered the lower lim-
it for the bulging load of the skin. To this must be
added, if the shell has a marked curvature, that wide
stiffener spacing promotes comparatively deep wrinkles.

The whole test series” attests to the extent of at-
tainable failing strengt]: With increasing mean wall thick-
ness. The rise is substa~ltially slower in the range of ““
greater s~ 9 because the failing stress of the stiffen-
ers gradually approaches t~le yield point, beyond which ~0

further increase is possible. The effect of section fern
is seen from a cor.nparison of the series 1, 3,5 of group
1, l:lit~lseries 1 .a:ld3 of group 2; however, it must be
borne in nind that in. longer shells the differences in
failiilg strei~gth of shells with open and closed profiles
bccone even greater. (cf. table I.)

T~Io effect of shell curvature alre~dy apparent froq
the last colunns of table III, was separately investigat-
ed on three different shell for~s (fig. 40) aud Sn = 0.75
m’n rie.nr.WO,ll thickness. Fron the test data it becones ap-
parent that increasing the curvature of the skin of thin-
w“alled (0.4- mm) shells with open profiles, does not in-
crease the load capacity. ~ontrarimise, the same shells
(of 0.4 nn w~.11 thickness) but lVith closed profiles, aS
~7ell ,7.s the thicker shells (0.5 mm) with open profiles,
disclose a greater rise in failing stress. The explana-
t’ioilfor this lies ~?ith the greater effective width of
tlic skin of tile last two shells. The ensuing greater load’
absorption of the skin makes its cllrvature more notices-
ble t?.1~.nbefore. The three tests of the second series
were n,o.deunder the following conditions: The stiffeners
of the first shell rested only Partially on the angles,
‘while in the other two shells the stiffeners rested
throughout on the angles. The experiments bring out the
effect of the different load, applications.

Fron the greaterrise in load capacity of the shells
with thicker malls by increasing curvature, it follows
thnt the equivalence of t]lick.-~alled shells of shallow
curvature, with respect to such with thin skin and great-
er curvature, is reached so much sooner under increasing
circumferential ldad p = Sn an ~ as the shell curvature

9
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is /;reater. Wagner (reference 31) gives as decisive limit

1?value: ~ = 25 kg/cm2 , which value is approximately

reached by the mor”e curved shell in the last column of

( )table III ~ = 19 kg/cr.12,.
r

In conclusion, we give the result of sone studies on
the effect of profile beading on the failing strength
(table IV). The test panels were of equal mean ~,~allthick-
ness (~c, = 0.75 mm) curvature radius, length of shell
and spacin=; the stiffeners were Z-sections of 0.79 mm
thickness iil the first, and of 1.20 mn vail thickness in
the other grOup, the stiffeners of the first group being
1) beaded on both flanges, 2) at the flange touching the
skin , 3) only at the flange not touching the skin, and
4) plain fla~~es without beading.

In the second Zro-~p, both flanges were beaded and
then left plain (~:ithout beading). The result expressed
i-n ter:ls of i.ieanfailing stress is to the effect that in
the thin-walled sections of the first group, especially
the bead on the skin side, is important; a shell tvith such
be:?.de/Lsections has the safie load capacity as the shell
v it:?.sections beaded oil both sides. The shell with sec-
tion beaded on the non- touching flange can carry no grea,t-
cr load than the shell vith plain (not beaded) sections.
The “oe~.din such shells has t]~e in~>ortant tr,sk of protect-
ing i]~e section r.~ainst bulqes of the skin which otherwise
pronotc premc,ture bulging of the tfiin-walled stiffeners.

In contrast with this, the shell with thick-walled
stiffci:ers nanifests no substantial effect of the beading.
The pmel fails in latcrnl buckling accor.lpanied by twist-
inf; 0< t,h e stiffeners. This precludes ~remature bulging
rluc to Ckiil wrinkles. As concerns the tendency of the
r,tiffcncrs to bulging through the skin, the rivet spacing
~~;2.1so without influence.

Trrmslation by J. Vanicr,
Nr,tion:;lAdvisory Connittce
for Aeronautics.
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Effect of length of panel, of
load capacity in compression.
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I
profile form and height on the

49

.>
~~8,”= 0;75; s}{= 0,4; r= 400 mm.

“and w = 0,5; ~E~f~’mmat Series 5.

‘1’1 (In,,R 0~,,n

mm mm kg/cmt kg/cm*

I I

Section

340 7,1 1320 1820

700 7,1 1300 1880
1

—

2 340 4,9 1210 1830

700 4,9 1055 1590
.) I I

I
340 I 6,4 1220 1840

700 6,4 950 150.0
3

—

340

700

7,6 1430 2370

7,6 1175 1950
4

—

340 7,5 980 1850

700 7,5 860 1650
5

340

!

7,5 I 1140 1760

I

6

Ta”bleIV
Effect of sectionbead on the load capacity of panels
in compression.

S“,=0,75 r = 400 1=340 21=140 [mm]

@unfo;l-
“q .#re~~ Type of fuilure

~
Iess
mm

0,35

Wll %$“rc.(- -
ness of
S+lffener

S~iffeners

mm kg/cmi !
—.—

850 lCollapse of flange0,79

— ——
0,35

0,35

0,79 860 t, ,! ,,

650 ., ,, ,,

—

670 .., ,, ,.** If

0,79

0,35 0,79

990 Bulging and twisting

920 ,1 ,, I*

0,40

0,40

1,20

1,20

.
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NO.

Nr.

Table II

Bucklingand fe,ilingmo:nentin bending and torsion,theoreticaland experi~ental.

See+/om Skefch

—
Section F’=18.7cm2
Sectionmodulus for:
~$;~Por#ing skin

partially supporting
skin W’= 255cm3

SectionX’=18.2cm2
Sectionmodulus for:
fully su porting skin
W= 356J
partially supporting
skin W1= 279cm3

SectionF=18.7cr&
Sectionmodulus for:
fully s porting skin

TW = 367cm
partiallysupporting
skin W1=243cm3

Befro’-
;/79
rrro -

men f
under

buck -
/lhg

of
S &/”n

=

B,, II,,,,,:

kgrm kgicm~

+

627(10 – !)50

tw801).–l~q)

I
!

I

s!) 000;__sJ,)

r]”dge

,1,.,,,

kg/cm?
——

—1500

–18)201

I
_-l

—1050,
1

U/timofe bending momenf TwIjj.. U./+jmofe- +w&fing.
of ful/she// lng momen+ of full

Compufed
uccordingfo

Irgcr]l

350000

484000

34(I 000

Ll___l_
Meo.7.uga’ m~n; C-

on Com-
Pvre Bend-buck-p/efe
b~nd- ingo !ing hnsiot
ing frons- of b ffy

verse skin
/0 ud

IL.’ .= (r,.,,,1.17’

k~cm Ii!wlll kgcm kgcm kgem

3s0 000 347000 380000 — —
(Q z

1450kg)

312on —

508000 4/370004970002220031000(

li$o~g)]
!

rell

ufed for
ncom meos-
olef e ured
‘emion
/!)Oy

I
kgcm kgcrn

- _

— 108.500

’18000307000

T50000231000



Table III

Effect of sectiondistributionon the l~ad capacityof panels in compression.
I

Foi/ings~ress

of Stiffeners
Skin

+A7dnes(
s

n)m

0,4

0,6

0,4

0,5

0,4

spot in!

b

mm

5ecfiqn pl-o-
Oorflon of
Sfjffener.s

Fdb

Bucking
Sfres.s

OL,I)

mm kgjcmi

210

290

210

250

230

kglcm~

1220

630

1140

980

1320

1910

1400

1630

1230

2450

2230

2020

1880

kglcm’ !—
I

mm

0,75

0,75

0,75

0,75

0,75

I 1840

1010

0,35

0,15

0,35

0,25

0,35

140

140

140

210

140

1760

1850

1820

1,1

1,1

1,1

1,1

2;3

2>3

0,55

0,70

0,50

0,75

0,50

1,50

0,55

0,40

0,60

0;35

104

104

104

156

104

104

500

1000

430

665

830

2200

2600

1510

2000

1600

27501,80

23300,80

1,702,7

2,7

1,0

1,2

105

140

720

800

2400

1,50 2200
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Figure l.- Heinkel type shell
boqv.

Figure 3.- Center section with
main bulkhead of a

Heinkel type shell body.

Figs.1,2,3,4

Figure 2.- Henschel type shell
body.

Figure 4.- Heinkel shell body
showing cabin.
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No. !339 Figs.5,6,7,E?

Figure 7.- Dornier type
shell body.

Figure 6.. Junkers type sheil
bo~r with four

reinforced stiffeners.

Figure 5.- Junkers type
shell body.
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JY
,70r0

,44Sheer ceder
t-raShear f/ow

Figure 9.- Section of a plain
shell (no stiffeners).

Figue 11.- Shell with
stiffeners (symbols).

I

“1”

,.

4 &,z,

Figure 10.- Sectional view of stress
distribution in a

tapered shell under bending.
fl

force groffpla

farce group Xd

Forcegr~P&

* “h% ‘Figure 12.- SYstem and axial

~
i.—— ~-i

Figure 14.- Effective width.

load groups X in
a two-way stiffened shell
with 6 flanges.

.*-..

Figure 13.- Stiffened panel under
compression and shear.
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li’igure15.- Effectivewidth of flat sheet
accordingto test and various
theories.

Figure 18.- Computed
and re-

corded effective
width of curved sheet
with closed-channel
stiffeners.
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Figure 17.- Computedand recorded

effectivewidth of curved
sheet with open stiffeners. ‘

Figure 20.- Computedand recorded streosee ‘~
of a.circularcylinderin 0)
pure bending. -m
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~igure 16.. Panel with
clamping

anglee and teet ●tations.

~ign.16,19,21,24

Figure 21.- Wrinkling under beriding
with tramyerae load.

>Ls.. $. , . ! S,W ,. ,

,.

~igure 24.- Wrinkling under twiwt.
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Figure 22.- Computed
stresses

cross sections under
transverse load.

-.

and recorded
on different
bending with

figure 23.- Computed an~ record~d
stresses in cross

section I under bending with
transverse load and under pure
bendi~ at different load Stagefa.

l?igs.22,23,39,40

,
0

Figure 39.- Proportions
of the

failing moments under
bending and twist.”
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Figure 40.- AAeanfailing
stress of

panels versus curvature.
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Figure 25.- 11’ailureof panel with
closed-hat channels

under compression (inside view).

Figure 28.- Failure of panel with
Z-sections under coxup.

Ilgure 2?.- “Failureof panel of-
double length and

closed-hat channels under compression.

I’igure30.- Failure of panel with
open-hat channels under compression.

Figure 29.- Failure of pane
double length a

Z-sections under compression

r
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nd
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.,

,&:..

,., .

Figure 31.- Failure of full she
with closed-hat

channels under bending with
transverse load (inBide view).

11

Figure 32.- Eailure of full shell
with closed-hat

channels under bending with
transverse load (outside view).

Figure 33.- JPallureof full shell
with Z-sections under

bending with transverse load.

Fi~e 34;- IWltie of full”ihell
with open-hat channel

under pure bending.
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Figure 38. - Failure of full shell
with open-hat chaimels

under bending and twist.
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